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ABSTRACT 
We obtain infinitely many non-zero integer quintuples (x, y, z, w, T) satisfying the non-homogeneous equation 

of degree seven with five unknowns given by   52344 14 Tzwxyyx  . Various interesting properties 

between the solutions and special numbers are presented. 
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1. INTRODUCTION 
The theory of Diophantine equations offers a rich variety of fascinating problems. In particular, homogeneous 

and non-homogeneous equations of higher degree have aroused the interest of numerous Mathematicians since 

antiquity [1-3]. Particularly, in [4-10], heptic equations with three, four and five unknowns are analyzed. This 

paper concerns with yet another problem of determining non-trivial integral solutions of the non-homogeneous 

equation of seventh degree with five unknowns given by   52344 14 Tzwxyyx  . A few relations between 

the solutions and the special numbers are presented. 

 

2. NOTATIONS 
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 Stella Octangular number of rank n 
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 Gnomonic number of rank n 

12  nGNOn  

 Pronic number of rank n 

 1Pr  nnn   

 Five dimensional Figurate number of rank n whose generating polygon is a triangle 

!5

24503510 2345

3,,5

nnnnn
F n


  

http://www.ijesrt.com/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/


  ISSN: 2277-9655 

[Thangam * et al., 8(1): January, 2019]  Impact Factor: 5.164 

IC™ Value: 3.00  CODEN: IJESS7 

http: // www.ijesrt.com© International Journal of Engineering Sciences & Research Technology 

 [138] 

    
IJESRT is licensed under a Creative Commons Attribution 4.0 International License. 

 

 Four dimensional Figurate number of rank n whose generating polygon is a triangle 
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 Four dimensional Figurate number of rank n whose generating polygon is a square 
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 Four dimensional Figurate number of rank n whose generating polygon is a pentagon 
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3. METHOD OF ANALYSIS 
The Diophantine equation representing the non-homogeneous equation of degree seven is given by 

  52344 14 Tzwxyyx            (1) 

Introduction of the transformations 

  zwyzwx  ,                         (2) 

in (1) leads to 

  522 76 Twz                           (3) 

Assume 

    0,,6, 22  bababaT           (4) 

Equation (3) is solved through different approaches and thus, one obtains different sets of solutions to (1). 

 

3.1 Pattern: 1 

One may write 7 as 

    61617 ii             (5) 

Substituting (4), (5) in (3) and employing the method of factorization, define 

    56616 biaiwiz            (6) 

Equating real and imaginary parts in (6), we get 

  
 

  









54322345

54322345

3618060605,
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babbababaabaw

babbababaabaz
       (7) 

In view of (2) 
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54322345

25242035,

180360300120252,

bbababay

babbababaabax
      (8) 

Thus, (4), (7), (8) represents non-zero distinct integer solutions to (1). 
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Properties:  

      3mod0214688806600216021600,1 ,4,6

2

,43,,5  bbbbb GNOtCPtFbx  

    2mod05253504201, ,4

5

4,,4  aaa tPFay  

   nnn

n KyjJT  731,2  

 

3.2 Pattern: 2 

One may write (3) as 

  1*76 522 Twz             (9) 

Write 1 as 

  
  

25

621621
1

ii 
                    (10) 

Substituting (4), (5), (10) in (9) and using the method of factorization, define 

      5662161
5

1
6 biaiiwiz                    (11) 

 

Following the same procedure as in pattern:1, the corresponding non-zero distinct integral solutions to (1) are 

given by 

  54322345 6525009000001087500300000906255000, BABBABABAABAx   

  54322345 1575001575000262500525000218758750, BABBABABAABAy   

  54322345 4050001237500675000412500562506875, BABBABABAABAz   

  54322345 247500337500412500112500343751875, BABBABABAABAw   

  22 15025, BABAT   

 

Properties: 

      10mod0Pr108750015000085625*100001,
2

,4,4

5  AAAAA SOttPAx  

    5mod0Pr76250028125012750002250001, 5

3,,43,,5  AAAA PFFAw  

   nnn

n KyjJT 1501751504502,1   

   25,1 BT  is a Nasty number 

 

3.3 Pattern: 3 

One may write 1 as 
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22
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                  (12) 

Substituting (4), (5), (12) in (9) and employing the method of factorization, define 

      52

2
662661

6

1
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                (13) 

Equating real and imaginary parts in (13), we get 
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where           26;126 22 qp   

     53244235 36605,;18060, bbababagabbaabaf   
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In view of (2) 
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Thus, (4), (14), (15) represents non-zero distinct integer solutions to (1). 

 

To analyze the nature of solutions, one has to go for particular values of  . For simplicity, choose 1 . Then 

the corresponding non-zero distinct integral solutions to (1) are given by 

    5324 252420351,, bbababax   

    54322345 1803603001202521,, babbababaabay   

    54322345 21618036060301,, babbababaabaz   

    54322345 36180606051,, babbababaabaw   

    22 6, babaT   

 

Properties: 

      7mod0504084020160302401,,11,,1 ,4,65,,43,,5  bbbb tCPFFbzbw  

      2mod0Pr420351,1,
2

,4  aatax  

       bb tCPaazaawaay ,4,6 *2941,,1,,1,,   
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